This article aims to develop observer-based linear parameter varying output feedback H 1 tracking controller for hypersonic vehicles. Due to the complexity of an original nonlinear model of the hypersonic vehicle dynamics, a slow-fast loop linear parameter varying polytopic model is introduced for system stability analysis and controller design. Then, a state observer is developed by linear parameter varying technique in order to estimate the unmeasured attitude angular for slow loop system. Also, based on the designed linear parameter varying state observer, a kind of attitude tracking controller is presented to reduce tracking errors for all bounded reference attitude angular inputs. The closed-loop linear parameter varying system is proved to be quadratically stable by Lypapunov function technique. Finally, simulation results show that the developed linear parameter varying H 1 controller has good tracking capability for reference commands.
Introduction
National Aeronautics and Space Administration and the US Air Force have focused on the research of hypersonic vehicles for many years because of their military and commercial applications. Among various hypersonic vehicle research programs, the air-breathing hypersonic vehicle (AHV) is a kind of aircraft which is widely studied in the world. It can fly with the speed of 5 Ma to 10 Ma for long times and distances. 1 Especially, the scramjet-powered AHV is also proposed as a possible way of making space access more affordable and delivering a quick response to global threats, because the scramjet is a more efficient propulsion system for flight within the atmosphere than a rocket. 2 However, the research of srcamjet-powered vehicles was stopped and continued in the early 1990s with Hyper-X project within the National Aerospace Plane. 3 The critical problem existing in the hypersonic vehicle is guidance, navigation, and various control methods. 4 However, the control design problem for the scramjet-powered AHV is still a challenging task due to the inherent strong couplings and nonlinear disturbance. Conventionally, linear control techniques are used to design linear controller for many hypersonic vehicles, for example, guaranteed cost control, 5 fault-tolerant tracking control, 6 linear quadratic regulator control, 7 and so on. In these results, the first step need to do is to develop a linear model for the complex nonlinear hypersonic vehicle system by linearized method. However, the obtained linear model cannot capture the nonlinear dynamics of hypersonic vehicle, hence, linear control technique may not result in desirable controller when aircrafts encounter disturbances and large parameter uncertainties. In later studies on this subject, some typical nonlinear control techniques, such as sliding mode control, 8 back-stepping control, 9 adaptive control, 10 composite predictive control, 11 and nonlinear disturbance observer-based robust control, 12 have been widely investigated.
Recently, linear parameter varying (LPV) system is a bridge between nonlinear systems and linear systems, which has important research significance. LPV control method is applied to all kinds of complex nonlinear systems. [13] [14] [15] [16] Also, many important LPV control techniques have been acquired for hypersonic vehicles. In the study by Lind, 17 an LPV framework is used to represent structural nonlinear dynamics of a kind of hypersonic vehicle. Then, a robust gain-scheduled controller is synthesized to guarantee closed-loop H 1 control performance. In the study by Cai et al., 18 the authors developed an LPV model for the AHV. Within LPV framework, a self-scheduled controller is designed in order to realize stable tracking. Especially, under considering flexibility effects, a gain scheduling controller is developed for a kind of flexible AHV in the study by Ge et al. 19 However, the state information cannot be obtained directly in many practical nonlinear complex systems. Therefore, a kind of robust output feedback control method is presented for a nonlinear model of an AHV in the study by Sigthorsson et al. 20 Using only limited state information, the developed controller can realize excellent tracking responses. In the study by Li et al., 21 an output feedback controller combining with neural network theory and high gain observer method is developed for a generic hypersonic vehicle. More recently, in the study by Zong et al., 22 a generic hypersonic vehicle tracking control problem is investigated via dynamic output feedback control technique, which consists of a nonlinear observer and a back-stepping controller.
In this article, the objective is to develop an LPV H 1 tracking controller for the hypersonic vehicle system based on LPV state observer. First, a polytopic simplified LPV model is adapted to design attitude tracking controller. Next, based on the polytopic LPV model, a slow loop LPV H 1 output feedback tracking controller is constructed. The tracking controller gain is given by Linear Matrix Inequality (LMI) constraints which can be efficiently solved by standard software packages. The LPV H 1 controller can guarantee that LPV closed-loop hypersonic vehicle system is globally asymptotically stable. Finally, the control performances of the presented attitude tracking controller is illustrated by numerical simulation.
LPV model of the hypersonic vehicle
The hypersonic vehicle nonlinear attitude control model in entry phase can be described as follows 23
In equations (1) to (12) , x, y, and z are positions of the hypersonic vehicle in earth coordinate system; V is velocity; is flight path azimuth angle; U is flight path angle; is angle of attack; is sideslip angle; is bank angle; and p, q, and r are pith, roll, and yaw rate, respectively. For more details about the nonlinear model, we can refer to the study by Huang et al. 24 The hypersonic vehicle attitude control model can be written as the follow slow loop and fast loop polytopic LPV systems. 24 
where slow loop state vector x s ¼ ½ T and fast loop state vector
In this artitio, reference model (14) is considered:
where rðtÞ is bounded reference input, x r ðtÞ is reference system state, and A r ðtÞ is a asymptotically stable matrix.
For system tracking error xðtÞ À x r ðtÞ, we consider the following H 1 tracking performance.
where x(t) is state vector, Q is positive definite weighting matrix, g is prescribed attenuation level, and wðtÞ is external disturbance. Now, we design the following LPV observer in order to estimate unmeasured state of the slow loop system (13) .
Define the observer error as follows eðtÞ ¼ xðtÞ ÀxðtÞ
By differentiating equation (17), we have
In this article, the following slow loop LPV controller is considered.
Therefore, the augmented system can be described as
X N j¼1 s i ðM a ;qÞ s j ðM a ;qÞ½Ã ijx ðtÞ þB iw ðtÞ (20) Based on eqaution (20) , the modified slow loop H 1 performance can be described as follows Z t f 0 fðxðtÞ À x r ðtÞÞ T QðxðtÞ À
whereQ ¼ Our control objective is to develop slow loop LPV output controller (19) , which guarantees the slow loop LPV system (22) to be asymptotically stable and also satisfies the modified H 1 performance (21). 
Observer-based LPV H 1 controller design
In this session, first, in order to design the LPV H 1 controller, we give the following useful result.
Theorem 1. If there exists a symmetric positive definite matrixP such that inequality (22) holds, then the closedloop LPV system (22) is quadratically stable and H 1 performance (21) is satisfied for a prescribed g 2 .
Proof. For the the modified slow loop H 1 performance (21), we have Then, we give the Lyapunov function candidate (26) .
V ðtÞ ¼x T ðtÞPxðtÞ
By differentiating equation (26), we have
Therefore, we can obtain _ V ðtÞ < 0 using theorem 1. The proof is completed.
Theorem 2. For a prescribed attenuation level g 2 , there exists an observer-based LPV H 1 tracking controller, which makes the closed-loop LPV system (22) H 1 tracking control performance (21) is guaranteed, if there exists a symmetric positive definite matrix U and W j such that LMIs (28) hold < 0 (32)
33 þP 33 A r þ Q By formula (32), it implies that
Now, pre-multiplying and post-multiplying the inequality (33) byP 22 À1 , we get the follow inequality.
Inequality (34) is equivalent to linear matrix inequality (35) using Schur complement.
Denote U ¼ P 22 À1 and W j ¼ K j P 22 À1 , we can obtain LMIs (28). The proof of theorem 2 is completed.
Remark 2. There are no effective algorithms for solving inequality (32) but we can obtain matrices P 22 and K j by LMI optimization software packages. Then, inequality (32) becomes standard LMIs by substituting P 22 and K j into inequality (32). So, we can obtain slow loop LPV observer gain L i . Similarly, for fast-loop system of the hypersonic vehicle, we can develop the fast-loop LPV controller by theorems 1 and 2.
Numerical simulations
The hypersonic vehicle system parameters are given as V ð0Þ ¼ 7:2 km=s, Hð0Þ ¼ 71:1 km, M ¼ 65000 kg, gð0Þ ¼ 0 rad, ð0Þ ¼ 0 rad, ð0Þ ¼ 0:31 rad, ð0Þ ¼ 0 rad, ð0Þ ¼ 0:26 rad, pð0Þ ¼ 0 rad=s, qð0Þ ¼ 0 rad=s, and rð0Þ ¼ 0 rad=s.
In this article, step signals are used to output attitude angle tracking commands. Also, the step tracking commands will pass second-order filters (36). 
Conclusion
In this article, an observer-based LPV H 1 control method has been addressed for the problem of a hypersonic vehicle attitude tracking control. A polytopic LPV model of the hypersonic vehicle is adopted for designing tracking controller due to complex couplings and nonlinear disturbance. An LPV state observer is used to estimate slow loop attitude angles due to the fact that the hypersonic vehicle state cannot be obtain directly. Applying the estimated system state, slow loop LPV H 1 tracking controllers are designed, which satisfy the global stability and the given H 1 tracking control performance for the closedloop LPV system. The gain matrix of the resulting controller can be obtained by standard software packages. Simulation results illustrate that the presented control method achieves good attitude angle tracking control performance. 
